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P R E F A C E 
It is well known that pure subgroups, neat subgroups, 
basic subgroups, high subgroups, large subgroups etc. are 
most important and useful tools in abelian groups. The 
problem of generalizing these concepts and their properties 
for various types of modules have been studied by a number 
of mathematicians like I. Kaplansky, D. Sisenbud, J.C. Robson, 
P. Griffith, H. Marubayashi, S, Singh, K. Benabdallah etc. 
from time to time. In the present dissertation, analogue to 
these techniques, we carry over the results of abelian groups 
to some restricted modules over arbitrary rings. 
This dissertation consists of five Chapters. The main 
purpose of the introductory Chapter is to recall some necessary 
definitions, notations and other basic facts of groups and 
modules needed for the subsequent Chapters. vVe have also 
given some useful definitions and results on TAG-modules, 
h-pure subraodules, h-neat subraodules, h-divisible submodules 
and basic submodules. 
In Chapter II, we consider an extra condition on a 
TAG-module Mn. Vie extend the concept of Prufer abelian 
groups to TAG-modules. The concept of torsion complete 
abelian groups is also extended to h-torsion complete 
TAG- modules. 
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The third Chapter deals with the generalizations of 
some group theoretic structures to modules. For instance 
we have given here large submodules and h-dense submodules. 
In section 3.1, some elementary and useful results (Proposi-
tion 3.1.3, Theorem 3.1.7, Proposition 3.1.8) are given. 
Section 3.2 deals with the study of large submodules. It is 
proved that if L is a large submodule of a TAG-module U 
then L-'- = ^ A•^  (Theorem 3.2.5). 
In the fourth Chapter we consider the modules satisfying 
an other condition which is dual to one of the conditions as 
given in earlier Chapters, In section 4.2 we have related 
this condition for QTAG-modules and hollow modules. In the 
last section of this Chapter, different characterizations of 
groups satisfying the dual condition are given. 
In the fifth Chapter we have given some applications 
of TAG-modules and QTAG-modules to ring theory. We determine the 
class of rings over which the class of TAG-modules is closed 
under extensions. 
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CHAPTER - I 
PRELIMINARIES 
IMTRODUCTION; 
The principal purpose of this introductory chapter 
is to recall some necessary definitions, notations and other 
background informations needed for the subsequent chapters. 
The concepts of pure subgroups, neat subgroups, divisible 
subgroups and basic subgroups are cjuite important objects 
in abelian groups. Most of these concepts have been generalized 
by S. Singh, K. Benabdallah and M. Zubair Khan [ll, 12, 18, 19, 
20, 21, 22, 26, 27, 28, 29, 30, 31] for a special type of 
module. 
In section 1.1 and 1.2, some definitions and elementary 
properties of groups and modules are given. The elementary 
concepts and properties of TAG-modules are given in section 
1.3. In section 1.4, we have given some very useful definitions 
and results on h-pure and h-neat submodules as done in [18, 20, 
26]. In section 1.5, we have recalled some of the results of 
h-divisible and basic submodules from [21, 22]. 
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1.1 SOME ELEMENTARY CONCEPTS FOR GROUPS 
DEFINITION (1.1»1); A subgroup .S of G is called pure, 
if the equation nx = ae S is solvable in S, whenever it 
is solvable in G. 
DEFINITION (1.1.2): A group G is divisible if for every 
x^G and every integer n there exists an element y in G 
with ny = x i.e. nG = G. 
PROPOSITION (1.1.3): S is pure in G if and only if 
nS = Sn nG for every integer n. 
PROPOSITION (1.1.4): Every direct summand is a pure subgroup. 
^ OJ and group itself are trivial examples of pure 
subgroups. 
PROPOSITION (1.1.5): Every divisible subgroup is pure. In 
divisible groups, purity is equivalent to divisibility. 
PROPOSITION (1.1.6): Purity is a transitive property. 
If S is a pure subgroup of G and T is a pure 
subgroup of S, then T is pure in G. 
PROPOSITION (1.1.7): Union of an ascending chain of pure 
subgroups is a pure subgroup. 
DEFINITION (1,1.8): A group G is called primary if order 
of every element is a power of p for some prime p. 
DEFINITION (1.1.9): An abelian group with all elements of 
finite order, is called torsion group. 
THEOREM (1.1.10): Any torsion group is a direct sum of 
primary groups. 
DEFINITION (1.1.11): Let G be a group then the sum of 
simple subgroups of G is called the socle of G. 
It is trivial to see that if G is a p-group then 
socle of G = G[p] where 
![pj =[xeG| px = 0} 
DEFINITION (1.1.12): [16] . A cyclic group can be characterized 
as a group A containing an element a such that any homomorphism 
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0 : B — — > A with aG Im 0 is epic. 
DEFINITION (1.1.13): [16], We shall call a group C 
cocyclic if there is an element ceC such that 0 : C > B 
and c« Ker 0 imply that 0 is monic. 
DEFINITION (1.1,14): A subgroup B of a p-group G is 
called a basic subgroup if it satisfies the following conditions: 
(i) B is a direct sum of cyclic groups; 
(ii) B is pure in G; 
(iii) G/B is divisible. 
DEFINITION (1.1.15): Let G be a p-group. An element x in 
G has height n if x is divisible by p*^  but not by p'^  . 
In otherwords if xe P"G but x^p"'^^G. 
THE0RH4 (1.1.16): A p-group G is direct sum of cyclic groups 
if and only if G is the union of an ascending chain of sub-
groups "^ n ^ "^  ~ »^"^ » ^ such that heights of the element 
X ^ 0 in G^ remain under a finite bound k (which may 
n n ' 
depend on n) i.e. ht( x) < kn"^xeG , x ?^  0. 
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LEWv^ A (1.1.17): Let G be a primary group and S be a sub-
group of G. Suppose that the elements of order p in S 
nave the same height in S as in G, Then S is pure. 
DEFINITION (1.1.18): [16]. Let Aj_( ie i) is a system of 
groups, indexed by a directed set I, and for each pair i,j^I 
with i <. j there is given a homomorphism. 
71^  : Aj > A^ a < j) 
such that 
(i) "^ 1 is the identity map of A., for each i€ I 
(ii) For all i <. j 1 K in I, we have n^ n^ = nf 
Then the system A = | A. ( i e I) ; it^  1 
is called an inverse system. 
DEFINITION (1.1.19): [l6]. The inverse limit of inverse 
system, 
A = limjA., 
is defined to consist of all vectors a = (...., a.,.....) 
in the direct product A = ^lei ^i ^ ° ^ which 
•rt^  a. = a. (i ^  j) hold. 
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REMARK (l«1.20)t A is a subgroup of A. 
THEOREM (1.1.21): [16]. The inverse limit A* of the inverse 
system A = f Aj_ (i^I); n^ | satisfies the following: 
If G is a group and if there are homomorphisms 
a. : G > A. with commutative diagrams 
^j (i < i). 
A. •» A, 
then there exists a unique homomorphism o : G 
which all the diagrams 





are commutative [where TI . is the canonical homomorphism]. 
• 
This property characterized A and %, upto isomorphism. 
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DEFINITION (1.1.22): [l6]. An abelian group is called free 
if it is a direct sum of infinite cyclic groups. If these 
cyclic groups are generated by elements x. (i€l), then,the 
free group F will be 
F = © < X. > 
i^ I ^ 
REMARK (1.1.23): [l6]. Free group F is, upto isomorphism, 
uniquely determined by the cardinality of the index set I. 
PROPOSITION (1.1.24): [16]. The free groups F^^^  and F^ 
are isomorphic if and only if ra = n for any cardinals m,n. 
DEFINITION (1,1.25): [l6]. If m is the cardinal corresponding 
to the free group F, we call F of rank m. 
THEOREM (1.1.26): [l6]. If B is a subgroup of A such 
that A/B is free, then B is a direct summand of A. 
THEOREM (1.1.27): [l6]. A subgroup of a free group is free. 
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1.2 SOME ELEMENTARY CONCEPTS FOR MODULES 
Throughout we shall consider right R-module M Q , 
where R is an associative ring with identity. 
DEFINITION (1.2.1): A module Mj^  is called simple if M 
has no proper subraodules. 
DEFINITION (1.2.2): Let Mj^  be a module then the sum of 
all simple submodules of M is called socle of M and is 
denoted by Soc(M). 
It is easy to see that for any submodule K of M Q , 
Soc(K) = Knsoc(M) and Soc(Soc(M)) = Soc(M) . 
PROPOSITION (1.2.3): [9, P. 121], If ^ M } is an index 
'^  -* a € A 
s e t of subraodules of M wi th M = (±) Z M then 
Soc(M) = © E Soc(M ) . 
aeA 
DEFINITION (1.2.4): Let N be a submodule of Mj^  then N 
is called essential submodule of M if NHT j^O for every 
non-zero submodule T of M. Also M is called an essential 
extension of N. 
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PROPOSITION (1.2.5): If N is an essential submodule of 
M then Soc(N) = Soc(M) . 
DEFINITION (1.2.6): If N and K are submodules of a module 
M then N is called complement of K if N is maximal with 
respect to the property N H K = 0 . A submodule T of M is 
called complement submodule if T is a complement of some 
submodules U of M. 
PROPOSITION (1.2.7): Let Mj^  be a module and Ucv be 
submodules of M. Let K be a complement of U in M then 
every complement of KHV in K is a complement of V in M< 
PROPOSITION (1.2.8): [5, P. 15]. If N is a submodule of M 
and K is any complement of N in M then there exists a 
complement Q of K in M such that N C Q . Furthermore, 
any such Q is a maximal essential extension of N in M. 
DEFINITION (1.2.9): A module M^ ^ is called uniform if 
intersection of any two of its non-zero submodules is non-zero. 
DEFINITION (1.2.10): [5, P. 15]. A submodule N of M is 
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called closed in M if N has no proper essential extension 
in M. 
PROPOSITION (1.2.11): [5, P. 16]. The closed submodules of 
a module M coincide with the complement submodules of M. 
Furthermore, if N and K are complement submodules and if K 
is a complement of N in M then N is a complement of K 
in M. 
DEFINITION (1.2.12): Let M be a non-zero module, then a 
finite chain of submodules of M 
o 1 'ii n 
is called a composition series of length n provided 
M. ,/M^ (i = 1,2,.......,n) is simple. If the length of a. 
module M is n then we write d(M) = n. 
DEFINITION (1.2.13): A module }A^ is called uniserial if it 
has a unique composition series of finite length. 
From the definition, it.follows that uniserial modules 
are totally ordered. 
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DEFINITION (1.2.14): A module tA^ is said to be serial if 
its lattice of submodules is linearly ordered under inclusion. 
DEFINITION (1.2.15): A ring R is called right Noetherian 
(Artinian) if every ascending (descending) chain of right ideals 
becomes stationary after a finite number of steps. 
DEFINITION (1.2.16): Let N be a submodule of M^ ^ then 
I r€R:xr = 0 for every x€NJ is called annihilator of N 
and is denoted by ann(N). 
PROPOSITION (1.2.17): [27, Lemma (1.1)]. Let X be any 
uniserial module over a right artinian ring S and let 
X = X^ > X^ > X2> > X^ = 0 . 
be its unique composition series. If for any i with 
0 1 i <. n-1, P^ = ann(X^/X^^j^), then Xj^ P^  = X^ ^^ ^ 
DEFINITION (1.2.18): A submodule N of M is called 
superfluous (or small) in M, abbreviated NcM,in case for 
s 
every submodule TcM 
N + T = M implies T = M. 
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DEFINITION (1.2.19): A submodule N of M is called absolute 
direct summand of M if for every complement K of N in M, 
M = N © K. 
DEFINITION (1.2.20): A module U^ is called injective if 
given any diagram 
•> A •> B 
M 
of R-modules with exact row, i t i s alv/ays poss ib le to f ind an 
R-homomorphism h : B - • •••-> M such t h a t g = hf 
DEFINITION ( 1 . 2 . 2 1 ) : [ 5 ] . A module Mj^  i s said to be 
q u a s i - i n j e c t i v e in case each homomorphism of any submodule N 
into M can be extended to a homomorphism of M into M. 
DEFINITION ( 1 . 2 . 2 2 ) : A module lA^ i s ca l l ed p ro jec t ive if 
given any diagram 
M 
•> B •> 0 
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of R-modules with exact row, it is always possible to find 
an R-homomorphism h : M > A such that fh = g. 
DEFINITION (1.2.23): A module U^ is called divisible if 
Mc = M for all regular elements C6R. 
PROPOSITION (1.2.24): [9, P. 206]. Every module U^ can be 
embedded in an infective right R-module. 
DEFINITION (1.2.25): The minimal infective right R-module 
E containing Mn is called infective envelope of M and is 
denoted by E(M)• 
REMARK (1.2.26): If E is the injective envelope of M then 
Soc(M) = Soc(E). 
REfJlARK (1.2.27): Every injective module is divisible. 
DEFINITION (1.2.28): A ring R is called right (left) 
hereditary if every right (left) ideal is projective. 
DEFINITION (1.2.29): A ring R is called hereditary if it 
is both right as well as left hereditary. 
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EXAJ/.PLES ( 1 . 2 . 3 0 ) : ( i ) The r ing of i n t ege r s i s a he red i t a ry 
r i n g . 
(ii) Any principal ideal domain is a hereditary ring. 
DEFINITION (1.2.31): A commutative ring R is called a 
ZPI-ring if every ideal of R can be written as a product 
of prime ideals in R. 
DEFINITION (1.2.32): [5]. A right (resp. left) ideal A is 
nilpotent (of index n > 1) in case A*^  = 0 and A"^" j^ 0. 
DEFINITION (1.2.33): [5]. A ring R is semi-prime if 
R ^ 0, and if R contains no nilpotent ideals. 
DEFINITION (1.2.34): A ring R is called prime ring if (O) 
is a prime ideal. 
DEFINITION (1.2.35): A prime ring which is right hereditary, 
left hereditary, right Noetherian and left Noetherian is called 
(hnp)-ring. 
DEFINITION (1.2.36): A ring R is called right (left) 
bounded if each of its essential right (left) ideal contains 
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a non-zero two sided ideal. 
DEFINITION (1.2.37): [7]. A hereditary Noetherian prime ring 
R with no proper idempotent two sided ideals is called 
Dedekind prime ring, 
DEFINITION (1.2.38): [8]. A ring R is called serial if its 
right and left modules are direct sum of uniserial modules; 
equivalently, a ring R is serial if it satisfies minimum 
condition on both sides and for every primitive idempotent 
e of R the right (left) ideal eR(Re) has unique composition 
series. 
Some authors call these rings as generalised uniserial. 
PROPOSITION (1.2.39): [S, Theorem 17]. Let R be a genera-
lized uniserial ring, then every R-module is a direct sum of 
uniserial modules. 
PROPOSITION (1.2.40): [8, Corollary 3.2]. Every factor ring 
of an (hnp)-ring is generalized uniserial. 
PROPOSITION (1.2.41): [30, Corollary 4 ] . Let M be a 
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divisible module over a bounded (hnp)-ring R then M is 
infective. 
Thus over bounded (hnp)-ring divisible module and 
injective module are equivalent. 
DEFINITION (1.2.42): In a right R-module M, an element x 
is said to be a torsion element if xa = 0 for some regular 
element 'a' of R; a module whose every element is a torsion 
element, is called a torsion module. 
PROPOSITION (1.2.43): [30, Lemma 1,2]. Let R be a bounded 
(hnp)-ring then the following hold. 
(a) Every finitely generated torsion R-module is a direct sum 
of finitely many uniserial modules. 
(b) Any uniform torsion R-module is either of finite length 
and uniserial or is injective and of infinite length. 
(c) Let U and V be two uniform, torsion right R-modules 
and b(?6 0)e U. If f : bR > V is a non-zero 
R-horaomorphism and d(u/bR) <, d(V/f(bR)), then f can be 
extended to an R-homoraorphism g : U > V and 
U/bR^g(U)/g(bR). 
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(d) Any non-zero homomorphic image of a uni form, t o r s i o n 
R-module i s un i fo rm. 
DEFINITION ( 1 . 2 . 4 4 ) : [ 3 0 , P . 8 6 8 ] . L e t M^^ be a t o r s i o n 
module ove r a bounded ( h n p ) - r i n g R, then an e lement x ( ^ 0) 
of M i s c a l l e d uniform i f xR i s a uniform R-module . 
DEFINITION ( 1 . 2 . 4 5 ) : [ 3 0 , P . 8 6 8 ] . L e t M^^ be a t o r s i o n 
module over a bounded ( h n p ) - r i n g R, then a uniform e lement 
X G M i s c a l l e d of exponent n (deno ted by e(X)) i f 
d(xR) = n; and Sup ( d ( yR/xR)j , where yR runs over uniform 
submodules of M Con ta in ing x, i s c a l l e d the h e i g h t of x 
and i s denoted by Hw(x) or s imply H ( x ) . 
DEFINITION ( 1 . 2 . 4 6 ) : Le t Mj^  be a t o r s i o n module over a 
bounded ( h n p ) - r i n g R, then M i s c a l l e d bounded i f t h e r e 
e x i s t s a p o s i t i v e i n t e g e r k such t h a t H( x) <_ k f o r a l l 
uniform e l emen t s x'^M. 
PROPOSITION ( 1 . 2 . 4 7 ) : [ 3 0 , Lemma 4 ] . L e t M be a t o r s i o n 
module over a bounded ( h n p ) - r i n g R and x, ,Xr>, , x 
i. ^ n 
be finitely many uniform elements of M such that for some 
18 
-nega t ive in teger k, H(x^) 2 ^ for a l l i . Then for noH' 
every uniform element x of M in Zx.R, H(x) > k. 
i ^ 
DEFINITION (1.2,48): [30, P. 870], Let Mj^  be a torsion 
module over a bounded (hnp)-ring R, then H.(M) will denote 
the submodule of M generated by all those uniform elements 
of M, which are of height 2 ^' 
PROPOSITION (1.2.49): [30, Lemma 5], If M = Uj^  © U2 © .... © U 
is a torsion module over a bounded (hnp)-ring R, where each 
U. is uniserial, then for any uniform element x of M, 
H(x) 1 max (d(U^))-l and e(x) < max(d(U^)). 
PROPOSITION (1.2.50): [30, Lemma 6], If M = A + B is a 
torsion module over a bounded (hnp)-ring R, then for any 
non-negative integer k, H.(M) = H.(A) + Hj^ (B) . 
PROPOSITION (1.2.51): [30, Theorem 3], Let Mj^  be a torsion 
module over a bounded (hnp)-ring R. Then M is a direct sum 
of uniserial R-submodules (hence cyclic) if and only if M is 
a union of an ascending sequence M , (n = 1,2,......) of 
submodules such that for each n, there exists a positive 
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integer k^ ,^ with the property H( x) _< k^  for all uniform 
elements x of M . 
PROPOSITION (1.2.52): [30, Corollary 1]. Let M^ be a torsion 
module over a bounded (hnp)-ring R and P be its socle. 
Then M is a direct sum of uniserial modules if and only if 
P is a union of an ascending sequence PnC"^  = 1*2, ) 
of subraodules such that for each n, there exists a positive 
integer k with the property H( x) _< k for every uniform 
element x of P^. 
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DEFINITION ( 1 . 2 . 5 3 ) : [ 5 ] . A module Mj^  i s c a l l e d f a i t h f u l 
module i f fo r any non-ze ro r e R , M ^ 0 . 
1.3 TAG-MODULES 
DEFINITION (1.3.1): [ll]. Let R be an associative ring 
with identity 1 5^  0, then an unital right R-module M is 
called a TAG-module if it satisfies the following two conditions^ 
(I) Every finitely generated submodule of every homomorphic 
image of M is a direct sum of uniserial modules. 
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( I I ) Given any two u n i s e r i a l subraodules U and V of a 
homormophic image of M, for any submodule W of U, 
any non-zero homomorphism f : W > V can be extended 
to a homomorphism g : U > V provided the composition 
length d(u/W) < d(V/f(W)). 
This module is also called an S2-tnodule in [l8]. 
The concepts of exponent and height can be verbatim defined 
for TAG-modules and the earlier results quoted for torsion 
modules over bounded (hnp)-ring can be extended for 
TAG-module» 
PROPOSITION (1.3.2): Any bounded TAG-module is a direct sum 
of uniserial modules. 
PROPOSITION (1.3.3): [26, Theorem 2]. Let M be a TAG-module 
and N be a submodule of M such that N is a direct sum of 
uniserial modules of same length k. Then the following are 
equivalent; 
(a) N is a direct summand of M 
(b) Hj^ (N) =NnH^(M) for all n. 
(c) N satisfies H^(M)nN = 0 . 
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PROPOSITION (1.3.4): [26, Theorem 3]. Let M be a TAG-module, 
If a submodule N of M is bounded and satisfies 
Hj^ (N) = Nn H^(M) for all n, then N is a summand of M. 
DEFINITION (1.3.5): If M is a TAG-module, then M is called 
decomposable if M is a direct sum of uniserial submodules. 
The following theorem is the generalization of a well 
known result of abelian group. 
THEOREM (1.3.6): If N is a submodule of a decomposable 
TAG-module M, then N is also decomposable. 
THEOREM (1.3.7): If N is a decomposable submodule of a 
TAG-module M such that M/N is bounded, then M is 
decomposable. 
COROLLARY (1.3.8): If M is a TAG-module and k is a 
positive integer, then M is decomposable if and only if 
Hj^ (M) is decomposable. 
LEimk (1.3.9): Let K be the submodule of a TAG-module M, 
then HJ^(M/K) = (HJ^(M)+K)/K for all n. 
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1.4 h"PURE AND h~NEAT SUBMODULSS 
DEFINITION ( 1 . 4 . 1 ) : [ 2 6 ] . A submodule N of a TAG-module 
M i s c a l l e d h-pure i f Hj^ (N) = N n H (M) for a l l n o n - n e g a t i v e 
i n t e g e r n . 
PROPOSITION ( 1 . 4 . 2 ) : [ 2 6 , Lemma l ] . L e t x be a uniform 
e lement in 3oc(M) such t h a t H(x) i s f i n i t e . I f ueM i s 
a uniform e lement such t h a t x € u R and d(uR/xR) = H ( x ) , then 
uR i s a summand of M. 
PROPOSITION ( 1 . 4 . 3 ) : [ 2 6 , Lemma 2 ] . L e t N be a submodule 
of a TAG-module M then the fo l lowing h o l d : 
( i ) I f N i s h -pure in M, g iven any uniform e lement 
XeM/N t h e r e e x i s t s a uniform e lement x ' e M such t h a t 
e( x) = e( X*) and x = x' , 
( i i ) I f N i s h -pure in K and K i s h-pure in M then 
N i s h -pure in M. 
( i i i ) I f N i s h -pure in M then fo r any submodule K of N, 
N / K i s h-pure in M / K . 
( i v ) I f K i s h -pure submodule of M such t h a t KCN, and 
23 
N / K i s h -pure in M / K , then N i s h -pure in M. 
PROPOSITION ( 1 . 4 . 4 ) : [ 2 6 , Theorem 4 ] , L e t M be a TAG-module. 
I f eve ry uniform e lement in SOC(M) i s of i n f i n i t e h e i g h t , then 
M i s a d i r e c t sum of i n f i n i t e l e n g t h uniform submodules . 
PROPOSITION ( 1 . 4 . 5 ) : [ 2 6 , Theorem 5 ] . L e t M be a TAG-module. 
Then M has uniform summand; which can be chosen to be of f i n i t e 
l e n g t h in case no t a l l uniform e lements in Soc(M) a r e of 
i n f i n i t e h e i g h t . 
PROPOSITION ( 1 . 4 . 6 ) : [ 2 7 , Theorem 3 . 1 ] . Le t M be a TAG-
module . I f M/SOC(M) i s a d i r e c t sum of u n i s e r i a l modules then 
so i s M. 
DEFINITION ( 1 . 4 . 7 ) : I f M i s a TAG-module, then a submodule 
N of M i s c a l l e d h - n e a t , i f and only i f H,(N) =NnHj^(M) . 
DEFINITION ( 1 . 4 . 8 ) : L e t M be a TAG-module. I f N i s an 
h - n e a t submodule of M, then N / K i s h - n e a t in M / K . 
DEFINITION ( 1 . 4 . 9 ) : L e t M be a TAG-module. I f K i s h - n e a t 
in M and N / K i s h - n e a t in M / K , then N i s h - n e a t in M. 
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PROPOSITION (1.4.10): [20, Theorem .3], A submodule N of a 
TAG-module M is h-neat if and only if N has no proper 
essential extension in M. 
PROPOSITION (1.4.11): [20, Corollary 4]. If M is a TAG-
module, then h-neat submodules of M coincide with complement 
submodules. 
LEMMA (1.4.12): If M is a TAG-module and N is a h-neat 
submodule of M such that Soc(N) = Soc(M), then N = M. 
LEMMA (1.4.13): If M is a TAG-module and N is an h-neat 
submodule of M such that Soc(N) ® Soc(T) = Soc(M), then N 
is a complement of T. 
1.5 h-DIVISlBLE AND BASIC SUBMODULES 
In this section, we recall some definitions and 
properties of h-divisible submodules for TAG-modules as 
introduced by M. Zubair Khan [2l]. 
DEFINITION (1.5.1): [21]. Let M be a TAG-module, then M 
is called h-divisible if Hj_(M) = M. 
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REMARK (1.5.2): A TAG-raodule M is h-divisible if and only 
if every uniform element of M is of infinite height. 
PROPOSITION (1.5.3): [21, Lemma l]. Let M be a TAG-raodule 
and M = ® S M , then M is h-divisible if and only if each 
a 
M„ is h-divisible. 
PROPOSITION (1.5.4): [21, Lemma 2]. Let M be a TAG-module, 
then M is h-divisible if and only if every uniform element of 
Soc(M) is of infinite height. 
THEOREM (1.5.5): [21, Theorem 3]. If M is a TAG-module, 
then M is h-divisible if and only if M is a direct sum of 
infinite length uniform submodules. 
PROPOSITION (1.5.6): [21, Theorem 4]. Let M be a TAG-
module and N be an h-divisible submodule of M, then N is 
a direct summand of M. 
DEFINITION (1.5.7): A TAG-module M is called h-reduced if 
|o | is the only h-divisible submodule of M. 
PROPOSITION (1.5.8): If M is a TAG-module then M = T © K 
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where T is the maximal h-divisible submodule of M and 
K is h-reduced submodule of M. 
DEFINITION (1.5.9): [22], Let M be a TAG-module. A 
submodule B of M is called a basic submodule of M if the 
following hold: 
( i) B is a direct sum of uniserial submodules 
(ii) B is h-pure in M 
(iii) M/B is h-divisible-
THEOREM (1.5.10): If M is a TAG-module then M contains 
basic submodule and any two basic submodules of M are 
isomorphic. 
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CHAPTER - II 
ON TORSION ABELIAN GROUPS LIKE MODULES 
INTRODUCTION; 
All torsion abelian groups, more generally all torsion 
modules over bounded (hnp)-rings satisfy the conditions (I) 
and (II) as given in Chapter (I). Faithful modules over 
rings otherthan (hnp)-rings, satisfying (I) and (II), can 
exist, as seen by the examples appearing in this Chapter. 
In [31] ULM's theorem was extended to countably generated 
modules satisfying (I), (II) and (III). Theorem (2.1.14) 
and (2.1.15) further show that condition (III) is redundant 
in the results mentioned above. In section 2.2, the well 
knovm concept of Prufer abelian groups is extended to TAG-
modules. Theorem (2.2.6) shows that an h-reduced TAG-module 
M has M ?^  0 if and only if M has an h-pure Prufer submodule. 
Theorem (2.3.1) provides a construction of new TAG-modules 
from an inversely directed family of TAG-modules. The well 
known concept of torsion complete abelian groups is extended 
to h-torsion complete TAG-modules. Theorem (2.3.7) and (2.3.8) 
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g ive a n i c e s t r u c t u r e of h - t o r s i o n complete TAG-module. 
2 . 1 BASIC SUBM0DULS5 AND ULM's THEOREM 
Throughout we a r e c o n s i d e r i n g Mp> a TAG-module u n l e s s 
s p e c i f i e d . Here we c o n s i d e r the f o l l o w i n g e x t r a c o n d i t i o n on 
a TAG-module MQ. 
( I l l ) For any f i n i t e l y gene ra t ed submodule N of M, 
R/ann (N) i s r i g h t a r t i n i a n . 
DEFINITION ( 2 . 1 . 1 ) : [ 3 l ] . A TAG-module Mj^  i s s a i d to be 
h - r educed i f M has no non-zero h - d i v i s i b l e submodule. 
NOTATION ( 2 . 1 . 2 ) : M"^  i s the submodule of M g e n e r a t e d by 
uniform e lements of M of h e i g h t i n f i n i t y . Hence 
M-*- = n H (M). 
n 
DEFINITION (2.1.3): [31], The module M^ = U^/lA^'^^ = M " / ( M " ) ^ 
are known as ULM factors of M, where M'^  is the submodule 
of M for any ordinal a, defined as follows: M = M, 
M" = n M^ and if a+l exists then M*^ "^ ^ = f\ H (M°^ ) . 
p<a n 
DEFINITION (2.1.4): [31]. "^  is called ULM type of M if 
2;. 
there is a least ordinal "^  such that M = M . If M 
is h-reduced then M = 0. 
PROPOSITION (2.1.5): [31, Lemma 1]. For any x ;^  0 in 
M. 
t 
( i) If xR = I x.R, where x. are uniform elements, 
i=l ^ ^ 
then H( x) = min ^  H( x^) : 1 1 i 1 t | 
(ii) H(x) 2 n if and only if x€H^(M) 
( iii) For any x,y in M, H( x+y) >_ min ( H( x) , H(y)|. 
Further if H(x) ?^H(y), then H( x+y) =min|^H(x), H(y)| 
PROPOSITION (2.1.6); [31, Lemma 4], Let x( ^0)eu, 
For any y ?^  0 in H^(xR), H(y) > H( x) . 
PROPOSITION (2.1.7): [31, Lemma 8]. Let K be any 
submodule of M contained in M . For any uniform element 
xeM, H(x) = H (x) , where M = M/K, X = x+K. 
M 
DEFINITION ( 2 . 1 . 8 ) : [ 3 1 ] . Let M be a QTAG-module, T: be 
theULM type of M and x ^ 0 in M. There e x i s t s an ordinal 
a < ^ such tha t X € M " but x d M""*"^, so H _(x) = n, a 
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non-negative integer. Then we define the generalized 
height of x as (a,n) and denote it by GH(x) = (a,n). 
Singh proved the following results imposing the 
condition (III) on TAG-module. 
PROPOSITION (2.1.9): [27, Theorem 1.4]. Let M be a 
TAG-module satisfying (III), then for any k >. 1, any 
complement of H.(M) is a suramand of M. 
PROPOSITION (2.1.10): [27, Theorem 2.7]. Let M be a 
TAG-module satisfying (III). Then M has a basic submodule 
and any two basic submodules of M are isomorphic. 
PROPOSITION (2.1.11): [31, Theorem lO]. Let M and N be 
two countably generated TAG-modules over a ring R satisfying 
condition (III) and be h-reduced. Let for any finitely genera-
ted submodule U of M or N, the set-[GH(x) : x^u] be 
finite. Then M and N are isomorphic if and only if they 
have same ULM type Z. and for each ordinal a (O <_ a<I) the 
ULM factors M^ and N^ are isomorohic. 
Later, Khalid Benabdallah proved the following for a 
3i 
TAG-module. 
LEMMA (2,1«2); Any complement W of HJ^(M) in M is an 
h-pure submodule of M. 
LBhmk (2.1.13): If L is a submodule of M""", then any 
complement of L in M is h-pure. 
In view of lemma (2.1,12), one can easily do that 
any two basic submodules of M are isomorphic. So we get 
the follov/ing improvement of (2.1.10). 
THEOREM (2.1.14): Any TAG-module M has a basic submodule 
and any two basic submodules of M are isomorohic. 
In proving ULM's theorem a crucial result is 
proposition (2.1.11) uses condition (III) at a few places. 
Similar modifications as in the proof of Lemma (2.1.12) in 
relation to the proof of proposition (2.1.9) can be made in 
the proof of proposition (2.1.11). This all gives the 
following. 
THEOREM (2.1.15): Any two h-reduced countably generated 
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TAG-modules M and N are isomorphic if and only if they 
have the same ULM type Z and for each ordinal a(0 <, a ^  ^ ) 
the ULM factors M^ and N are isomorphic. 
2.2 PRUFER MODULES 
oo 
THEOREM (2.2.1): Let M = ^ Z x.R be a TAG-module, where 
i= l ^ 
each x^R i s uniform and has e (x . ) = n. with n. < n. , . 
Fur ther l e t 3oc(M) be homogeneous. Consider any non-zero 
element yj^ex.R. Then 
( i ) Each x^ R for i 2 -^  contains an element y. such 
t h a t YjR^y^ under the correspondence y , r < > y. r , 
r £ R . 
(ii) For any choice of y^ as in (1) if K is the 
submodule of M generated by all y. - y-,,, then 
(M/K)^ = {y;^+K)R, 
(M/:<)/(M/K)^~ 0 S x.R/y.R. 
• X J. 
PROOF : Since soc( x,R)^Soc( x^R) and d( x^ R^) < d(x^R), 
condition (II) gives a monomorphism 
a^ : x^R > x^R. Then y. = a.(y,) 
satisfies (1)* 
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Not ice t h a t K = E(y^ - y i+ i )R = ' 9 s ( y ^ - y^+^)R 
y^R^(y^4.K)R = (y5^>K)R C ( X^+K)R wi th 
XiR/y iR^(x^+K)R/(y^+K)R. This y i e l d s f o r M = M / K , 
H_ (yi+K) i s i n f i n i t e . Thus y ,+Ke(M) . However 
M ^ ^ 
y^ R^+K = ® Sy^R and further 
M/(y,R+K)^^S(x.R/y^R) has no non-zero element of infinite 
height. Consequently (M/K)-^ = (yj^R+K)/K. 
This proves the theorem. 
DBFIMITION (2.2.2): A TAG-module M is called a Prufer 
module if it satisfies the following condition: There exist 
uniform elements y,x,,X2» *^n* ^^ ^ such that 
M-"- = yR, ye x.R for every i, M/M-"* = ® S (x.R/yR) and 
^ i ^ 
e(x.) < e(Xi+i) for all i. 
The module M / K constructed in (2.2.1) is a Prufer 
module and a Prufer module is h-reduced. 
PROPOSITION (2.2.3): Let K be any submodule of a TAG-
module M such that K"*" = M^O K. If ( K+M''-)/M-'- is h-pure 
in M/M , then K is h-pure in M. 
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;ome PROOF: Le t x e K be uniform such t h a t H..( x) >^  n , S( 
p o s i t i v e i n t e g e r . By ( 2 . 1 . 7 ) , f o r M = M/M , x = x+M , 
H (x) > n . As (1C+M-^)/M-'- i s h -pure in UM^, we g e t the 
M 
height of x in (K+M-'-)/M-'- is atleast n. As K/K"""^ (K-m-^ )M-'-, 
we get H i(x+K ) 2 "• Then using (2.1,7), once again we i V'^ 
K/K-" 
obtain Hj^ ( x) >_ n. Hence K is h-pure in M. 
LEMMA (2,2.4): Let M be a countably generated module 
satisfying (I). Then any submodule of M is countably 
generated. 
oo 
PROOF; By using condition (I) we can take M = S x.R with 
i=l ^ 
each x.R a uniserial module. Consider the external direct 
sum L =(^Z x.R. For each n let B . be the submodule of 
x.R such that if for any i, n ^  d(x.R), B . is the unique 
submodule of x.R of length n, otherwise B . = x.R, then 
Soc"(L) = Q S B^^ and Soc"'^^(L)/Soc"( L)^0i: B^ j^^ j_/B ^ 
is countably generated. Let T be any submodule of L then 
T = U (Tnsoc"(L)). 
n 
For each n, THSoc" (L)/T 0 Soc"(L) being isomorphic to a 
submodule of Soc"^  (L)/Soc'^(L) is countably generated. This 
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in turn y i e ld s T i s countably genera ted . Since M i s a 
homomorphic image of L, the r e s u l t follows for M, 
THEOREM ( 2 . 2 . 5 ) : Let M be any TAG-module. Then any 
countably generated submodule of M i s contained in a 
countably generated h-pure submodule of M. 
PROOF: Let B = © Z x^R, a € A be a bas ic submodule of M. 
So M/B i s h - d i v i s i b l e and M/B = ©ENg , pef t where each 
Ng i s countably generated i n f i n i t e length s e r i a l module. 
Since S i s countably generated, the re e x i s t s a countable 
subset r , of r such tha t ( S + B ) / B C 0 Z Np. Now 
pet; ^ 
Q Z H = K/B for some submodule K of M containing B. 
As K/B is a summand of M/B and B is h-pure, K 
is h-pure in M. Further K = L+B for some countably 
generated submodule L such that SdL. By (2.2.4) L H B 
is countably generated; so for some countable subsetA, of A , 
Then K = (L + E x R) (f) B, , where B, = @ E x R, 
aeA, « •"• X a 
a eA\A, . Then, L + E x R i s a countably generated 
h-pure submodule of M containing S. 
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We nov; s t a t e the main theorem of t h i s s e c t i o n . 
THEOREM ( 2 . 2 . 6 ) : L e t M be any h- reduced TAG-module. 
Then M ?^  0 i f and only if M has an h -pure P r u f e r 
submodule. 
2.3 COMPLETION 
In this section we shall discuss the torsion completion 
of a TAG-module. For any module M, let t(M) =|xeM|d(xR)< ooj 
THEOREM (2.3.1): LetiM , n^] be an inversely directed 
system of TAG-modules over a ring R. Let M = Lim M . Then 
t(M) is a TAG-module. 
PROOF; Let % : M > M be the canonical maps, 
A 
defining M. For any x^M, it (x) = 0 for all a e A if 
and only if x = 0. Let K be any finitely generated 
submodule of t(M) . By definition d( K) < «>, So we can 
find a € A such that L = Ker (-it 1K) is of smallest length 
among all Ker (TC JK). Consider any p^A » There exists 
Y < a , B in A . Then Ker TC C Ker n^H Ker %„ yields 
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Ker (TXJK) = Ker (-^^^1^) = L. This gives ^niL) = 0. 
Hence L = 0 . Thus K ^ n ^(:<)CM^ . As M„ is a TAG-
o o 
module, we get K satisfies (I). Hence t(M) satisfies 
(I). Let U and V be two uniserial submodules of a 
homomorphic image say t(M)/»V of t(M) . We can find a 
finitely generated submodule K of t(M) such that 
U +VC(K+W)/W. Since K embeds in some M , U and V 
embed in a homomorphic image of M . Consequently 
(II) holds. Hence t(M) is a TAG-module. 
REMARK: If in addition every M satisfies (III), then 
t(M) satisfies (III). 
Following is immediate from the above. 
COROLLARY (2.3.2): Let M = © S M be any module with 
a " 
t(M) = M. Then M is a TAG-module if and only if 
t(Ti M ) is a TAG-module. 
Henceforth let M be a TAG-module with M = 0, 
and B = (+) E B be a basic submodule of M, where each 
n=l " 
B is a direct sura of uniserial modules each of length n. 
Let Bn = ® S B,. The following is immediate. 
k>n+l ^ 
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LBKA ( 2 . 3 . 3 ) : ( i ) For any uniform e l emen t x e B , 
Hj^ (^ x) = n-e( x) . 
( i i ) H.(B) =Q Z H . ( B „ ) C B * , 
^ n=k+l ^ ^ ^ 
k 
( i i i ) M / H . ( M ) ^ B / H . ( B ) s e 2 B. © ( © Z ( B ^ / H . ( B „ ) ) . 
Let B = lira B / H (B) and B = t ( B ) . Now 0 H (B) = 0 . 
<— " n " 
We have embedding a .: B > "B such t h a t 
cj(b) = < b + H ^ ( B ) > 
Let % : B > B/H (B) be the canonical mappings. 
Clearly TC^(B) = B / H ^ ( B ) . Let B* denote the submodule 
of B of elements of type <a. + H.(B)> with a.€ B . 
_ n —^ 
LBMA (2.3.4): (a) For any n, B = a( Z B.) (9 B 
i=l ^ " 
then (b) Let x = <x^ + H^(B)>€B and x^ "= ^ ^ii* '^ij^ ^i 
(i) x^. - x^. for j <_ min (m,n). 
(ii) If X is uniform with e(x) = k, then for each n, 
X . R is uniform with d(x . R) £ k, whenever j ^  n. 
(iii) If X.. = 0 for every j, then x = 0. 
PROOF: (a) Consider x = < x. + H.(B) >£B. 
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n * 
Write x^ = C^ +d^, C 
x^ - x ^ e H ^ ( B ) , g i v e s x^ ^ + H^(B) = x^ + H^(B). For 
1 ' i V ^ i ^ j = i ^y " ^ i ^ ^ n • For i < n , 
i > n , x^ - Xj^  = (C^ - C^) + (d^ - d^) € H^(B) y i e l d s 
C. - C = O; thus X. = C„ + d . , Consequent ly x = u+v i n i n i ' 
where u = <u. + H.(B) > with u . = C f o r energy i . 
V = <v. + H . ( B ) > wi th V. = d fo r i < n and X I i n — 
V. = d. fo r i > n . C l e a r l y uG.a ( Z B.) and v € B . 1 1 ^^^ 1 n 
I t now fo l lows t h a t 
B = a( _Z B^) Q B^ . 
Th is p roves ( a ) . Now we prove ( b ) . 
m 
This proves ( i ) . 
( i i ) S ince 
B / H ( B ) ^ © E B. O (B*/H^(B)) 
-1=1 J 
we g e t x „ . i s a horaomorphic image of x . 
nj 
Consequent ly ( i i ) f o l l o w s . 
( i i i ) L e t x . . = 0 f o r every j . Thus ( i i ) g i v e s t h a t 
( i ) Fo r n 2 ni, ^n " '^ m ~ .^ ^'^ni ~ '^ ""•'^  •*" ^ ^^'^-^ " ^^-^^ 
f o r i i < n, x„ . = X.. = 0 . For j > n+1. 
— n i 11 - — 
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n 
X. - X = S ( x . . - X .) + Z ( x . . - X ) € H (B) 
y i e l d s x . . - x . GH ( B ) . Th is i n t u r n g i v e s 
x ^ . € H . ( B ) , as X. . = 0 . So ' ^n i^ ^n^^^ * Hence 
x^ + Hj^(B) = 0 and x = 0 . 
THEOREM ( 2 . 3 . 5 ) : Le t M be any TAG-module wi th M"'" = 0 
A 
and l e t M = l im M/H ( M ) . There e x i s t s an embedding 
< — " 
T} : M > t(M) such t h a t TI(M) i s h -pure in t(M) and 
t(M)/r)(M) i s h - d i v i s i b l e . 
DEFINITION ( 2 . 3 . 6 ) : A TAG-module M i s s a id to be 
h - t o r s ion complete i f M i s a summand of any TAG-module 
N in which M i s h - p u r e . 
The above theorem gives the following: 
COROLLARY (2.3.7): Let M be any TAG-module with 
M = 0 . If M is h-torsion complete, then M ^ t(M) , 
where M = lim M/H ( M ) . 
THEOREM (2.3.8): Let M be a TAG-module such that M @ M 
is a TAG-module. If M is h-tors ion complete and h-reduced 
then M-^  = 0. 
4 
PROOF; Let M^ j^O, by (2.2.5) M has an h-pure Prufer 
submodule P. So we can find uniform elements 
y,X2_,X2,Xo» defining P. Then yR = P = pr\u j^  0, 
yRcx.R, e( X.) < «(5<j_+i) for every i. By (II) there exists 
monomorphism cr^_j_, : x.R > x.^, R which is identity on 
yR. Let K be the submodule of P generated by 
X. - '^i+i^^i^* Then P/K is a uniform h-divisible module 
in which yR is embeddable. Notice that P/K® M is 
embeddable in a homomorphic image of M<S)M. So P/K (© M 
is a TAG-module. Now we have a monomorphism TI : yR > P/K. 
Let T = (M © P/K)/L 
where L = ^ (yR, - T)(y)r) : r€R| . We have natural mappings 
p : M > T, q : P/K > T. Then T = p(M) + q(P/K), 
p ( M ) n q ( p / K ) = p ( y R ) . As P/l< i s h - d i v i s i b l e , H^(P/K) = P/K. 
Thus 
p(M)n (H^(T)) = p(M)n[H^(p(M)) + H ^ ( q ( P / K ) ) ] 
= H^(p(M)) + [ p ( M ) n q ( P / K ) ] = H ^ ( p ( M ) ) ) . 
Hence p(M) i s h-pure in T. As M^ p(M) and M i s 
h - t o r s ion comple te , we g e t 
T = p(M) QU, 
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Let > : T > p(M) be projec t ion through U. Then 
q(P/K)cp(M), >q(P/K) ^0 and > ( P / K ) i s h - d i v i s i b l e . 
This i s a con t r ad i c t i on , as M i s h-reduced. Hence M = 0 . 
This proves the theorem. 
We end t h i s sec t ion a f t e r giving two examples of 
TAG-modules over r ings which are ne i the r general ized u n i s e r i a l 
nor are bounded ( h n p ) - r i n g s . 
EXAMPLE 1: For any d iv i s ion r ing D, consider the r ing R 
of i n f i n i t e upper t r i a n g u l a r matr ices over D of the 
form [ a i j ] » i» j = l t 2 , 3 , 4 , Here a^. = 0 for i > j . 
Consider the se t of matr ix uni t s i'^\A J J >. i ] i"^  f^ » 
oo 
Consider M = 0 S e^^ ^/®ln ^* ^^^ ^ ®^ ^"^ finitely 
n=2 
generated submodule of M. For some m 
m 
n=^ 
Ke, = 0 for j > m. Consequently K is a module over a 
generalized uniserial ring, so conditions (I) and (II) hold 
for M. Consequently M is a TAG-module. Clearly M is a 
faithful R-module and R is not noetherian. 
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cXAMPLE 2: Consider any bi-vector space QVQ over a 
division ring D such that dim QV = 1 and dim V^ = 2, 
Consider the ring 
R = 
D V 




right ideal of R. It can be easily verified that 
M = e,,R/L is a faithful, uniserial right R-module of 
composition length 2. This M^ is quasi-infective and 
using it we get U is a TAG-module. 
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CHAPTER - III 
h-DENS£ AND LARGE SUBMODULSS 
INTRODUCTION: 
The notion of large subgroups of an abelian group 
was first introduced by R.S. Pierce. He investigated the 
relation between the structure of primary abelian groups 
and their large subgroups. The large subgroup is one of 
the important structure in abelian groups. Since then a 
number of group theorist like C. Megibben, K.M. Benabdallah 
and J.M, Irwin did a tremendous work on the various proper-
ties and representations of large subgroups. Due to the 
importance of this notion a need was felt to generalize this 
notion for TAG-modules and M. Zubair ^han and A. Halim 
Ansari [2] have shown that a number of results, true for 
torsion abelian groups, are also valid for TAG-modules. 
They [2] have also introduced the concept of h-dense sub-
module for TAG-module and obtained some useful results 
(Proposition 3.1.3, Theorem 3.1.7, Proposition 3.1.8), 
Introducing h-dense subsocle they [2] have shown that an 
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h-neat submodule of a TAG-module supported by an h-dense 
subsocle is h-pure (Thoerem 3.1.11). Section 3,2 deals 
with the study of large submodules. It is proved that 
if L is a large submodule of a TAG-module M then 
L = M (Theorem 3.2.5). Lastly, in section 3.3, the 
closure of h-i'dense and large submodules have been studied. 
In [19], M. Zubair Khan has obtained the structure of those 
subgroups whose closures are always large. Analogous to 
this we have characterized the submodules of TAG-module 
whose closures are large (Theorem 3.3.5). Lastly it is 
shown that high submodule of a large submodule is closed in 
a high submodule of the module, 
3,1 h-DENlSE SUBMODULES 
In this section, we have defined h-dense submodule 
and obtained some necessary and sufficient conditions for a 
module to be h-dense. 
DEFINITION (3,1.1): A submodule N of a TAG-module M is 
called h-dense if and only if M/N is h-divisible. 
4S 
LEMMA ( 3 . 1 . 2 ) : Le t K be the submodule of a TAG-module 
M, then H^ilA/K) = ( H J ^ ( M ) + K ) / K f o r a l l n . 
PROPOSITION ( 3 . 1 . 3 ) : A submodule N of an TAG-module 
M i s h -dense i f and on ly i f M = N + n^*''*'^ ^ ^ ° ^ eve ry n . 
PROOF: I f N i s h -dense in M then M/N i s h - d i v i s i b l e . 
T h e r e f o r e , M/N = H ^ ( M / N ) = (H^(M) + N ) / N by Lemma ( 3 . 1 . 2 ) . 
So t h a t M = N + H^(M). Conver se ly , l e t M = N + H (M) then 
M/N = (N + H^(M))/N = H^(M/N). Thus, N i s h - d i v i s i b l e 
and hence the r e s u l t f o l l o w s : 
As a consequence of the above p r o p o s i t i o n , we h a v e . 
COROLLARY ( 3 . 1 . 4 ) : I f N i s h-dense in a TAG-module M, 
then every submodule K with NCKCM i s a l s o h -dense 
in M. 
Now, we are in a p o s i t i o n to r e s t a t e the d e f i n i t i o n 
( 1 . 5 . 9 ) in ano the r form a s ; 
DEFINITION ( 3 . 1 . 5 ) : A submodule B of a TAG-module M 
i s c a l l e d a b a s i c submodule of M i f and only i f t he 
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following hold: 
(i) B is decomposable. 
(ii) B is h-pure in M. 
(iii) B is h-dense in M. 
The following proposition is a generalization of a 
result of Fuchs [l4] which gives some interesting properties 
of basic submodules. 
PROPOSITION (3.1.6): Let M be a TAG-mOdule and B 
be a basic submodule of M then the following hold; 
(a) S O C ( M / B ) ^ Soc(M)/Soc(B) 
(b) SOC(M/B)^SOC(H^(M)/H^(B)) for every n, 
(c) Soc(H^(M)/H^(B))^Soc(H^(M))/Soc(H^(B)) for every n, 
(d) Soc(H^(M)) = Soc(H^(M)) + SOC(H^^^(M)) for every n, 
(e) Soc(H^^j_(B)) = 3oc(H^(B))n Soc(H^^j_(M)) for every n, 
(f) Soc(H^(B))/Soc(H^^^(B))^Soc(H^(M))/Soc(H^^3_(M)) 
for every n. 
PROOF: (a) Firstly we show that SOC(M/B) = (Soc(M)+B)/B. 
Trivially, we have (SOC(M)+B)/BC SOC(M/B). Let 
X € S O C ( M / B ) be a uniform element then e(x) = 1 and 
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X € M / B . Therefore, by proposition (1.4.3), there exists 
a uniform element yeSoc(M) such that x = y so that 
y€(Soc(M)+B)/B and hence 3oc(M/B) C ( Soc(M)+B)/B. Thus, 
Soc(M/B) = Soc(M)+B)/B. Now 
(Soc(M)+B)/B^Soc(M)/BnSoc(M) = SOC(M)/SOC(B) . 
Hence the result follows. 
(b) Since M/B i s h - d i v i s i b l e , M/B = H ^ ( M / B ) = ( H ^ ( M ) + B ) / B 
by Lemma ( 3 . 1 . 2 ) , so tha t 
M/B^H^(M)/BnH^(M) = H^{h\)/H^{Q) and hence 
SOC(M/B)^SOC(H^(M)/H^(B)) for every n. 
The proofs of (c), (d), (e) and (f) can be well 
adopted. 
Now we prove the follovung: 
THEOREM (3.1.7): If N is an h-pure submodule of a 
TAG-module M, then N is h-dense in M if and only if 
N contains a basic submodule of M. 
PROOF: Suppose N is h-dense in M. Let B be a basic 
submodule of N then B is h-pure in M. Also N/B is 
h-divisible submodule of M/B then by proposition (1.5.6), 
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N/B is a direct summand of M/B i.e. M/B = N/B © K/B 
and K/BS'M/N is h-divisible. Hence M/B is also 
h-divisible. Thus B is a basic submodule of M. 
Conversely, suppose that N contains a basic sub-
module B of M. Then M/N^ (M/B)/t>J/B) is h-divisible and 
hence N is h-dense in M. 
The proof of the following can be v/ell adopted 
from the above theorem. 
PROPOSITION (3.1.8): Let M be a TAG-module. Then a 
submodule N containing a basic submodule B of M is 
h-pure if and only if B is h-dense in N. 
The following proposition, a generalization of a 
result of Megibben [4] is stated as: 
PROPOSITION (3.1.9): If K is minimal h-pure submodule 
of a TAG-module M containing a submodule N of M such 
that there is a submodule L of N which is h-dense in 
N and h-pure in M, then K = N. 
DEFINITION (3.1.10): Let M be a TAG-module and S be a 
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subsocle of M. Then S is called h-dense subsocle if 
Soc(M) = S + Soc(Hj^(M)) for every k 2 0. 
Now we state the following main theorem of this 
section which generalizes a result of C. Megibben and 
P. Hill [24], 
THEOREM (3.1.11): An h-neat submodule of a TAG-module 
supported by an h-dense subsocle is h-pure. 
3.2 LARGE SUBMODULES 
The concept of large subgroups was first introduced 
by R.S. Peirce. Latter in [l3] K.M. Benabdallah, B.J. 
Eisenstadt, J.M. Irwin and E.W. Poluianov investigated the 
relation between the structure of primary abelian groups 
and their large subgroups. Analogous to this notion, 
A. Halim Ansari and M, Zubair Khan [2] generalized the large 
subgroups for TAG-modules and showed that a number of results, 
true for torsion abelian groups, are also valid for TAG-
modules. 
DEFINITION (3.2.1): A submodule L of a TAG-module M is 
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said to be large if L is fully invariant and M = L+B, 
for every basic submodule B of M. 
PROPOSITION (3.2.2): Let M be a TAG-module, then 
H (iM) is a large submodule of M for every n. 
PROOF; The proof is immediate from Proposition (3.1.3). 
PROPOSITION (3.2.3): If L is a large submodule of a TAG-
module M, then H (L) is also large submodule of M for 
every n. 
PROOF: Using Proposition (3.2.2), we have 
M = Hj^ (M) + B = H^(L+B)+B = H^(L)+B. 
Therefore, H (L) is large in M. 
THEOREM (3.2.4): Let M be a TAG-module. An element 
b€.M can be embedded in a uniform summand of finite 
length if and only if bRHM'^ ' = 0. 
THEOREM (3.2.5): If L is a large submodule of a TAG-
module M, then L = M . 
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PROOF: Le t xgM be a uniform e lement then x = b+y 
where y e L and b e B , fo r some b a s i c submodule 3 of 
M. S ince bRHM"^ = 0 , t h e r e f o r e , by .theorem ( 3 . 2 . 4 ) , b 
can be embedded i n t o a f i n i t e l e n g t h summand B, of M. 
Thus M = B ( + ) N . Le t % : M > N be a p r o j e c t i o n then 
Ti(b) = 0 , so u(x) = T!;(y)GL. Now, x = u( x) + ( I - TI){X) 
y i e l d s ( I - i t ) ( x ) a uniform e lement of B, of i n i f i n i t e 
h e i g h t . Hence (I- 'n;)(x) = 0 . Consequen t l y , 
X = nCx) = u ( y ) € L . Thus, M i s c o n t a i n e d in eve ry l a r g e 
submodule of M. Since by p r o p o s i t i o n ( 3 . 2 . 3 ) , H (L) i s 
1 1 ° ° 1 
l a r g e submodule of M, we have L CM c H ^^(L) = L . 
Hence, L"*- = M""-, 
n=l " 
The following interesting proposition generalizes 
the corresponding result of groups [15, Proposition 67.4], 
PROPOSITION (3.2.6): If L is a large submodule of a 
TAG-module M, then M/L is decomposable. 
Now we consider a TAG-module M satisfying the 
following condition: 
(A) For every large submodule L of M, 
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Soc(L) = Soc(H ( M ) ) fo r some n . 
PROPOSITION ( 3 . 2 . 7 ) : Le t M be a TAG-module s a t i s f y i n g 
the c o n d i t i o n ( A ) , N be a submodule of M and L be 
a l a r g e submodule of M. Then t h e r e e x i s t s an n such 
t h a t N O H ( L ) = 0 i f and only if t h e r e e x i s t s an m 
such t h a t N H H (M) = 0 . 
m 
PROOF; Suppose NOH (M) = 0 for some m, then the 
assertion trivially holds. Now N O H ^ C L ) = 0 for some 
n 
n. Since L is a large submodule of M then by 
proposition (3.2.3), H (L) is also large submodule of M. 
As, Soc(H (L)) = Soc(H (M)) for some m, we have 
Soc(NnHj^(M)) = Soc(N) nSoc(Hjjj(M)) = Soc(N) O Soc(H^(L)) = 0 
Therefore, N H H ^ M ) = 0 . 
3.3 CLOSURE OF h-DEN5£ AND LARGE SUBMODULES 
In this section, we have defined the closure of a 
submodule and obtained a relation between h-dense submodules 
and closed submodules. Also a relation between large sub-
modules and closed submodules has been obtained. 
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DEFINITION ( 3 . 3 . 1 ) : A submodule K of a TAG-module M 
i s c a l l e d the c l o s u r e of a submodule N in M i f 
K/N = (M/N)-"- and i s denoted by N i . e . K = N. N i s 
c a l l e d c l o s e d i f N = N. 
PROPOSITION ( 3 . 3 . 2 ) : For a submodule N of a TAG-module 
M, N = n (N+H (M)) . 
n=l " 
Now, in view of the above discussion and proposition 
(3.1.3), we have the following: 
COROLLARY (3.3.3): A submodule N of a TAG-module M is 
h-dense in M if and only if N = M. 
PROPOSITION (3.3.4): If L is a large submodule of a 
TAG-module M. Then L is a closed submodule of M. 
PROOF: Since L is a large submodule of M, therefore by 
proposition (3.2.6), M/L is direct sum of uniserial sub-
modules. Thus, (M/L) = 0 and hence L is closed submodule 
of M. 
The following proposition is a generalization of a 
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result of M. Zubair Khan [19, Proposition 2.2]. 
PROPOSITION (3.3.5): If L is a large submodule of a 
TAG-module M then L is the closure of every submodule 
K of L for which L/K is h-divisible. 
PROOF; Let L/K be an h-divisible submodule of M/K, 
then by proposition (1.5.6), L/K is the direct suramand 
of M/K i.e. M/xK = L / K @ N / K . NOW, N / K ^ M / L . Then by 
proposition (3.2.6), M/L is decomposable. Thus 
(N/K)-'- = 0 so that (M/K)-"- = (L/K)"^ = L/K. Hence L is the 
closure of K. 
DEFINITION (3.3.6): [l8]. A submodule N of a TAG-module 
M is called high submodule if N is maximal disjoint with 
PROPOSITION (3.3.7): [18, Proposition 20]. Let M be a 
TAG-module with M j^  0 and N,T be high submodules of M 
then the following hold; 
(a) H.(T) is high submodule of H,^ (M) for all K. 
(b) M = T + Hj^ (M) for all K. 
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(c) Soc(H^((T©M^)/M^)) = Soc(H^((N (£>M^)/M^)). 
(d) Hj^(M)/Hj^^^(M)^H^(N)/H^^^(N) for all n,K. 
(e) M/Hj^ (N) = N/H^(N) 0H^(M)/Hj^(N) for all K. 
(f) M is minimal h-pure module containing T 0 M . 
The following theorem, a generalization of a result 
of M. Zubair Khan [19, Theorem 2,1] shows a relation between 
a high submodule of a large submodule and a closed submodule. 
THEOREM (3.3.8): Let M be a TAG-module with u} ?^0, 
and L be a large submodule of M, then a high submodule 
K of L is closed in a high submodule of M, 
PROOF: By theorem (3.2.5), L ^0, Then by proposition 
(3.3.7), L/K is h-divisible. Therefore, by proposition 
(1.5.6), M/K = L/K0T/K. Now, we show that T is high 
in M. For this, we have T HM^ = TO L^ = (T HL) H L"*- = KH L^=0 
To show the maximality of T with respect to this, we need 
only to show that for any uniform element xeL with x j^  T, 
(T + xR)n L"'' ;^  0. Suppose on contrary that (T + xR)nL-'" = 0 , 
then (K + xR)nL = 0, which is a contradiction. Therefore, 
57 
(T + xR)n L F 0. Hence T is a high submodule of M, 
Now, T / K ^ M / L . Hence by proposition (3.2.6), M/L is 
decomposable and therefore, (T/K) = 0. Thus, K is 
closed in T. 
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CHAPTER - IV 
DUAL TORSION ABELIAN GROUP~LIK£ MODULES 
INTRODUCTION: 
The two conditions given in (1.3.1) were introduced 
by Singh [26] in a bid to extend the theory of torsion 
abelian groups to certain class of modules. Through a 
number of papers written by various authors [26, 29] it has 
been seen that the theory of TAG-module is similar to that 
of torsion abelian groups. A module satisfying the condition 
(I) of (1.3.1) is called QTAG-module. 
In this Chapter we consider the following dual to 
condition (l) of a TAG-module«( 1 ) Any finitely cogenerated 
homoraorphic image of a submodule of M is a direct sum of 
uniserial modules. 
In section 4.2, we have mentioned the nice results 
proposition 4.2.3 and Theorem 4,2.4, satisfying (1 ) concer-
ning QTAG-module and hollow module. In section 4.3, 
different characterizations of groups satisfying (1 ) is 
presented. It is proved that an abelian group G satisfies 
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(1 ) if and only if G/T(G) and T(G) satisfy (l') 
(Theorem 4.3.5). 
4.1 DEFINITIONS AND SOME CHARACTERIZATIONS 
DEFINITION (4.1.1): [29]. If a module lA^ satisfies only 
condition (I) of (1.2,1) then it is called a QTAG-module. 
DEFINITION (4.1.2): -[S]. A ring R is called a V-ring 
if it satisfies the following equivalent conditions; 
(1) Every simple right R-module is infective. 
(2) Every right ideal of R is the intersection of maximal 
right ideals. 
THEOREM (4.1.3): [s]. If R is a prime ring with ascending 
chain conditions on complement right ideals and annihilator 
right ideals, and if R is a V-ring, then R is a simple 
ring. 
DEFINITION (4.1.4): The set T =(-^+Z:r,n€Z and p Ip'^  ' 
is a primes , where Z is the set of integer, forms a 
group under usual addition and is called a quasi cyclic 
group and is denoted by Z(p'"). 
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NOTATION ( 4 . 1 . 5 ) : Z, . denotes the r ing 
| | i a , b € Z , b 7^  0 and p / b ] . 
DEFINITION ( 4 . 1 . 6 ) : [9 , P. 124] . A module Mj^  i s said 
to be f i n i t e l y cogenerated if for every se t A of submodules 
of M, 
D A = 0 implies flF = 0 
for some f i n i t e subset F C A * 
PROPOSITION ( 4 . 1 . 7 ) : [9 , Proposi t ion 1 0 . 7 ] , M i s f i n i t e l y 
cogenerated if and only if i t s socle i s e s s e n t i a l and f i n i t e l y 
generated. 
THEOREM ( 4 . 1 . 8 ) : [26, Theorem 5 ] . Let lA be a TAG-module. 
Then M has uniform summand; which can be chosen to be of 
f i n i t e length in case not a l l uniform elements in socle (M) 
are of i n f i n i t e he igh t . 
DEFINITION ( 4 . 1 . 9 ) : A non-zero module whose every proper 
subraodule is superfluous is ca l l ed a hollow module. 
DEFINITION ( 4 . 1 . 1 0 ) : [ 5 ] . The r a d i c a l J(R) of R i s 
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defined to be the intersection of the Kernels of all 
irreducible representations of R in case R has an 
irreducible representation, and J(R) is defined to be 
R otherwise. 
NOTATION (4.1,11): J(M) denotes the Jacobson radical of 
M. For any n 2 0» we define j"(M) inductively by putting 
J°(M) = M, J^ "''^ (^M) = JCJ'^CM)). 
THEOREM (4.1.12): [26, Theorem 4], Let M be a TAG-module. 
If every uniform element in socle(M) is of infinite height, 
then M is a direct sum of infinite length uniform modules. 
PROPOSITION (4.1.13): [16, Corollary 35 .4]. A p-group has 
only one basic subgroup exactly if it is divisible or bounded. 
We are already familiar about the two conditions of 
TAG-modules (1.3.1). Here we consider the following condition 
on a module Mr>. 
(1') Any finitely cogenerated homoraorphic image of a sub-
module of M is a direct sum of uniserial modules. 
This condition is a dual of condition (I). Any 
finitely generated abelian group and any module over a 
I 
right V-ring satisfies (I ). Here we shall confine our-
selves to determining all abelian groups satisfying (I ). 
It is clear that all the concepts and results for 
TAG-modules can be verbatim defined and proved for QTAG-
modules. In particular a basic submodule [27] of a QTAG-
module can be verbatim defined and can be seen that any 
QTAG-module M admits a basic submodule and any two basic 
submodules of M are isomorphic. Since any TAG-module 
admits a serial suramand (4.1.8); any finitely cogenerated 
TAG-module is a finite direct sum of serial modules. Let R 
be any bounded (hnp)-ring, which is not simple artinian. 
Since any finite length R-module is torsion and is a TAG-
module, it follows that any finitely generated R-module 
satisfies the condition (I ). It is clear that any finitely 
cogenerated module over a right V-ring is completely reducible 
and finitely generated. So every module over a V-ring 
satisfies (I ). 
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4.2 SOME GENERAL RESULTS 
»Ve start with the observation that for any ring R, 
the class of modules satisfying (I ) is closed under sub-
modules and homomorphic images. Let MQ be a module 
satisfying (I ). 
Let 
T(M) = [ xeM : d( xR) < »j . 
T(M) i s a submodule of M; T(M) i s ca l l ed length to rs ion 
(or simply ^ - t o r s i o n ) submodule of M. Any f i n i t e l y generated 
submodule of T(iVt) being of f i n i t e l eng th , i s obviously 
f i n i t e l y cogenerated and hence a d i r e c t sum of u n i s e r i a l 
modules by ( I ) . This shows t h a t T(M) i s a QTAG-raodule. 
Condition (1) of a QTAG-module shows t h a t any f i n i t e l y 
I 
generated submodule of a QTAG-module s a t i s f i e s (1 ) . Hence 
we ge t the following: 
LEimk ( 4 . 2 . 1 ) : ( a ) . If a module M s a t i s f i e s (1 ) , then 
T(M) i s a QTAG-module. 
( b ) . Any f i n i t e l y generated submodule of a QTAG-module 
s a t i s f i e s (1 ) . 
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PROPOSITION (4.2.2): If a module M satisfies (1*), then 
n J"(M) = 0 and J(M)CM. 
n s . 
PROOF; Consider any x ^ 0 in M. Let N be a submodule 
of M maximal with respect to x^N. Then M/N is sub-
directly irreducible. This shows that M/N is finitely 
cogenerated with simple socle. So by definition M/N is 
a uniserial module of length say n. Then J"(M/N) = 0. 
This yields j"(M)CN. Since x^N, we get x^j"(M). Hence 
n j"(M) = 0. In particular it gives J(M) ^ M. 
n 
Let J(M) be not small in M. So there exists a 
proper submodule X of M such that J(M) + X = M. As 
M/X 7^0, and M/X satisfies (l'), J(M/X) ^ IA/X, Hence 
there exists a maximal submodule say K/X, of M/X. Then 
J ( M ) C K and we get K = M. This is a contradiction. 
Hence J(M)CM. 
s 
PROPOSITION (4.2.3): If a module tA^ satisfies (l'), then 
T(M) is a decomposable QTAG-module, which has no proper basic 
submodule. 
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PROOF: By (4.2.1) T(M) is a QTAG-module. As remarked 
in the preliminaries, T(f'A) has a basic submodule B. Mow 
T(M)/B is h-divisible. If T(M)/B J^  0, by an analogous of 
(4.1.12) it admits a summand N which is serial but not 
finitely generated. However, N is finitely cogenerated. 
So by (1 ), N is uniserial and hence cyclic. This is a 
contradiction. This proves the result. . 
THEOREM (4.2.4): Any hollow module Mj^  satisfying (l') 
is serial and cyclic. For any non-zero submodule K of 
M, M/K is a uniserial module. 
PROOF: Let M be not serial. There exist x,yeM 
such that X cyR and ye^xR.So we can find two submodules 
K, L of M such that x^K, y^K, xeL, y^L, with M/K 
and M/L both subdirectly irreducible. Then M/K and 
M/L are finitely cogenerated and hence are uniserial 
modules. Since M / K H L is embeddable in M / : < © M / L , it 
is of finite length. Thus by (1 ) , M / K H L is a direct 
sum of two non-zero uniserial modules. This contradicts 
the fact that M is hollow. Hence M is serial. Consider 
SG 
any submodule K ?^  0 of M. Take 0 5^  x e K, Let T be 
a submodule of M maximal with respect to xffT. By (I ), 
M/T is uniserial. However TCK. Hence M/K is uniserial. 
That M is cyclic is now obvious. 
4.3 ABELIAN GROUPS 
In this section we shall try to present different 
characterizations of groups satisfying the condition (1 ). 
PROPOSITION (4.3.1): Any torsion abelian group G satisfies 
(1 ) if and only if every primary component of G is bounded. 
PROOF: Let G satisfy (l'). As Z « does not satisfy 
(1 ), for any prime p, G is reduced. Consider any primary 
component G of G. By (4.2.3) G is decomposable and 
is its only basic subgroup. Hence by (4.1.13) G is 
bounded. Conversely if every primary component of G is 
bounded it can be easily seen that any finitely cogenerated 
homomorphic image of any subgroup H of G is a finite 
group; so it obviously satisfies (1 ) . 
LEMMA (4.3,2): Let G be a non-zero torsion free abelian 
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group satisfying (1 ). Then for any prime number p, 
pG j^  G and G is of finite rank. 
LEMMA (4.3.3); Let H be any rank one torsion free abelian 
group, such that H is not p-divisible for any prime number 
p. Then H satisfies (1 ). 
PROOF; As H is not p-divisible for any prime number p, 
its type is of the form 
\k-|, i<-2^f k^t ..••».} 
where each k-, i s a non-negative i n t ege r . So for any 
X ^ 0 in H,H/<X> is a to rs ion group, whose every primary 
component i s of f i n i t e o rde r . Thus if for some non-zero 
subgroup K of H, H/K i s f i n i t e l y cogenerated, i t being 
t o r s i o n , i t i s of f i n i t e o rder . Since the hypothesis on 
H i s also s a t i s f i e d by i t s subgroups, we get t h a t any 
finitely cogenerated homomorphic image of a subgroup of H 
I 
is finite. Hence H satisfies (1 ). 
THEOREM (4.3.4): A torsion free abelian group G satisfies 
(1 ) if and only if G is a subdirect sum of finitely many 
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rank one torsion free abelian groups H.(l £ i <, n) none 
of which is p-divisible for any prime number p. 
PROOF; Let G satisfy (1 ). By (4.3,2) G is of finite rank, 
So for some finitely many rank one torsion free abelian 
groups H.(l £ i £ n), G is a subdirect sum of these 
H. . As each H. is a homomorohic image of G, it 
satisfies (1 ). Consequently by (4.3.2) H- is not 
p-divisible for any prime p. 
Conversely let G be a subdirect sum of finitely 
many rank one torsion free abelian groups satisfying the 
given hypothesis. We have epimorphisms 
p^ : G > H^ 
with n Ker p. = 0 . Without loss of generality we take 
i ^ 
n Ker p. (I Ker p.. Close x. e 0 Ker p. such that 
i j^  j J r 1 ^ j^i J 
x.^Ker p.. Let K. be the maximal essential extensi on 
of the subgroup <X.> in G. Then Pf/K^ is. a monoraorphism 
and p.(K.) = 0 for j ?^  i. So 
i ^ i ^ i^G-
we can take K^C H., and 
6<i 
Q Z K.CG C ©ZH^. 
The hypothesis that no H. is p-divisible for any prime 
p, gives that (±)Z H./K. is reduced, and that each of its 
primary components is bounded. Consider any ECG. Then 
E H H . ^ 0 for 1 <. i £ i^* Again as every primary component 
of © 2 H^/(H^n E) is bounded, we get that {Q Z H^)/E is 
reduced. Consequently also G/E is reduced. Thus if in 
addition G/E is finitely cogenerated, it being reduced, 
is finite. The argument passes over to subgroups of G. 
Hence G satisfies (1 ). This proves the theorem. 
After knowing the structure of torsion free abelian 
groups and of torsion abelian groups satisfying (1 ), we 
prove the following theorem which determines all groups 
satisfying (1 ). 
THEOREM! (4.3.5): An abelian G satisfies (1 ) if and only 
if G/T(G) and T(G) satisfy (l'). 
PROOF: Necessity is obvious. Conversely let G/T(G) and 
T(G) satisfy (1 ). For any prime number p, let G 
denote the p-primary component of G. Let N be any 
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subgroup of G such that G/N is cocyclic. Then G/N 
is a p-group for some prime p. So G C N, for prime 
q ^ p. As each primary component of T(G) is bounded, 
by (4.3.1) we get (T(G)+N)/N^Z/(p") for some n. As 
G/T(G) satisfies (1*) and G/(T(G)+N) being a homomorphic 
image of G/N is cocyclic. Also G/T(G) satisfies (1 ) 
and G/(T(G)+N) is homomorphic image of G / T ( G ) . So 
G/T(G)4W)^Z/(P'^) for some m. Consequently G/M^Z/( p'^"*"'") 
Using this it is now clear that any finitely cogenerated 
homomorphic image of G is finite. This property also 
holds for subgroups of G. Hence G satisfies (1 ). This 
proves the theorem. 
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CHAPTER - V 
ON SUMS OF UNlScRIAL MODULES 
INTRODUCTION; 
In t h i s Chap t e r , we g ive some a p p l i c a t i o n s of TAG-
modules and QTAG-modules to r i n g t h e o r y . In s e c t i o n 5 . 1 , 
p r o p o s i t i o n 5 . 1 . 3 and theorem 5 . 1 . 5 g ive some new c h a r a c -
t e r i z a t i o n s of TAG-modules and QTAG-modules r e s p e c t i v e l y . 
In s e c t i o n 5 . 2 , we de te rmine the c l a s s of QTAG-modules, 
c l o sed under d i r e c t sums. We use t h e s e r e s u l t s to g i v e some 
c h a r a c t e r i z a t i o n s of g e n e r a l i z e d u n i s e r i a l r i n g s ( theorem 
5 . 2 . 1 0 ) . Even i f the c l a s s of QTAG-modules over a r i n g be 
c lo sed under d i r e c t sums, i t need not be c lo sed under 
e x t e n s i o n s . In s e c t i o n 5 . 3 , we de te rmine the c l a s s of r i n g s 
over which the c l a s s of TAG-modules i s c lo sed under e x t e n s i o n s ; 
t he se r i n g s are p r e c i s e l y those which do no t admi t any 
homomorphic image which i s a s p e c i a l r i n g in the sense 
def ined by Shores [32] ( theorem 5 . 3 . 1 0 ) . 
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5.1 SOME GENERAL RESULTS 
We have discussed QTAG-module in Chapter IV. It 
is obvious that any submodule of a homomorphic image of a QTAG-
module is a QTAG-module. 
LEMMA (5.1.1): Let A and B be two uniserial submodules 
of a QTAG-module M such that AHB = 0. Let c be any 
homomorphism from a submodule W of A into B such that 
d(A/W) £ d(B/cr(W)). Then a can be extended to a homomor-
phism a : A > B. 
LE^ IAA (5.1,2): Let A and B be any two uniserial 
submodules of a QTAG-module M such that AnB j^  0 and 
d(A) <_ d(B). Then there exists a monomorphism a : A — > B 
which is identity on AHB. 
Vv'e now prove the following: 
PROPOSITION (5.1.3): A QTAG-module Mr^  is a TAG-module 
iff any uniserial submodule of any homomorphic image of 
M is quasi-injective. 
PROOF: 'Only if is obvious. Conversely let any uniserial 
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submodule of any homomorphic image of Mp. be quasi-
injective. Let U and V be any two uniserial sub-
modules of a homomorphic image of M and for some module 
W of U, let f : W > V, be a non-zero homomorphism 
such that d(u/W) <. d(V/f(W)). We need to show that f 
can be extended to homomorphism f : U > V, In view of 
Lemma (5.1,1), we may assume that U O V ^ 0. Let 
d(U) £ d(V). By (5.1.2) U embedds in V. As V is quasi-
injective, V is U-injective. Hence in this case f can be 
extended to a homomorphism f : U > V. Now, let 
d(U) > d(V) . By (5.1.2) there exists an embedding g : V > U. 
Now gof : W > U can be extended to a homomorphism 
j : U > U. 
Now Ker (f) = Ker (j) 
d(j(U)) = d(U/W) + d(W/Ker f) 
< d(V/f(W)) + d(f('.V)) 
= d(V) = d(g(V)). 
Thus J(U)cg(V). We get g"-^ Oj : U > V where g"-*- is 
defined on g(V) . This mapping extends f. Hence M is a 
TAG-module. 
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COROLLARY (5.1.4): Over commutative rings, QTAG-Modules 
are TAG-modules. • 
PROOF; Since any uniserial module over a commutative ring 
is quasi-injective, the result follows from (5.1.3). 
We now establish a characterization of QTAG-modules. 
THEOREM (5,1.5): A module Mj^  is a QTAG-module if and only 
if it satisfies the following conditions. 
(i) Any cyclic submodule of M is a sum of uniserial 
submodules. 
(ii) For any pair U, V of uniserial submodules of a 
homomorphic image of M, U+V is a direct sum of 
uniserial submodules. 
We now give an example to show that conditions (i) 
and (ii) in Theorem (5,1.5) are independent of each other. 
EXAMPLE (5.1.6): (i) does not imply (ii). Let R be any 
commutative local ring with J = J(R), J = 0 and dimo/_ J>1 
Now J = ^ Z U., where U^ are minimal ideals of R. 
Notice that any cyclic R-module which is also uniform is 
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uniserial and is of composition length £ 2. Let S be 
a simple R-module and E = H(S) . As J^ = 0, E = 3oc^(E) 
and any cyclic submodule of E being uniform, is uniserial. 
So E satisfies condition (i). For each iep let 
K. = S U.. Then J = U. ® K., N. = R/K. are mutually 
X j^i J 1 1 1 1 
non-isomorphic uniserial R-modules, each of length two. 
Since S^Soc(N.) , there exists an embedding a. : N. > E. 
Consider any two distinct elements i, jef* Then 
o.(N.) + cJ.(N.) is a uniform module, but being a sum of 
two non-isomorphic uniserial modules each of length two, 
it is not a direct sum of uniserial modules. Hence E 
satisfies (i) but not (ii). 
Any non-torsion, abelian group satisfies (ii) but not 
(i). 
5.2 DIRECT SUMS 
In general the class of TAG-modules and the class of 
QTAG-modules over a ring R need not be closed under direct 
sums. This is evident from example (5.1,6), v^ here the module 
£(S) is a sum of TAG-modules, but E(S) is not a TAG-module 
7i) 
and i s no t even a QTAG-module because of ( 5 . 1 . 4 ) , 
Now we give a c o n d i t i o n under which a QTAG-module 
i s TAG-module. 
PROPOSITION ( 5 . 2 . 1 ) : For any r i n g R, the c l a s s of QTAG-
modules i s c lo sed under d i r e c t sums i f and only i f eve ry 
f i n i t e l eng th R-module i s a d i r e c t sum of u n i s e r i a l modules ; 
in t h a t case every QTAG-module over R i s a TAG-module. 
PROOF; Let the c l a s s of QTAG-modules over R be c l o s e d 
under d i r e c t sums. Then the sum of QTAG-submodules of an 
R-module i s a QTAG-module. Let Mn be any f i n i t e l e n g t h 
module . Cons ider the case when M i s uni form. If M i s 
not u n i s e r i a l , t h e r e e x i s t s a p o s i t i v e i n t e g e r k such t h a t 
Soc (M) i s u n i s e r i a l bu t Soc {lA) i s no t u n i s e r i a l . We can 
k+1 f i nd x , y G S o c (M) such t h a t xR and yR a re s imple 
modulo^ Soc (M) and n e i t h e r of them c o n t a i n s the o t h e r . 
Then xROyR = Soc (M) • So xR + yR i s not a QTAG-module, 
however each of xR and yR be ing u n i s e r i a l i s at'QTAG-
module. This g i v e s a c o n t r a d i c t i o n . Hence M is u n i s e r i a l . 
In g e n e r a l M i s a s u b d i r e c t sum of f i n i t e l y many f i n i t e 
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l e n g t h uniform (hence QTAG)-modules. Consequent ly M is a 
QTAG-module and by the d e f i n i t i o n M i s a f i n i t e d i r e c t sum 
of u n i s e r i a l modules . 
Converse i s o b v i o u s , s i n c e g iven any two QTAG-modules 
Mn and Nn, any f i n i t e l y g e n e r a t e d submodule of M © N i s 
of f i n i t e l e n g t h . 
DEFINITION ( 5 . 2 . 2 ) : A r i n g R over which the c l a s s of 
TAG(• QTAG)-modules i s c l o s e d under d i r e c t sums, i s c a l l e d a 
TAG(respec t ive ly QTAG)-ring. 
RBAARK ( 5 . 2 . 3 ) Over a commutative r i n g these concep t s a re 
same. 
I f a commutative r i n g R has a maximal i d e a l P 
2 
such t h a t P/P ?^  0 and i s n o t s imple as an R-module, we can 
o 
e a s i l y f i n d an i d e a l A such t h a t P < A < P, R / A i s of 
f i n i t e l e n g t h , but R / A i s no t u n i s e r i a l . Then R /A i s not 
a TAG-raodule. Using t h i s , the above theorem g i v e s the 
f o l l o w i n g . 
COROLLARY (5.2.4): A commutative ring R is a TAG-ring 
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if and only if for any maximal ideal P, there is no ideal 
2 
between P and P . 
THEOREM (5 ,2 .5) [23 , Theorem 9 . 1 0 ] . The following statements 
are equ iva len t ; 
( i ) R i s a ZPI-r ing 
(ii) R is a Noetherian ring such that for each maximal ideal 
M of R, there are no ideals of R strictly between 
2 
M and M 
(iii)R is a direct sum of a finite number of Dedekind domains 
and special primary rings. 
THEOREM (5.2.6): [28, Theorem 4.1]. If a ring R is such 
that RQ satisfies (I) and (II), then R is an artinian 
serial ring. 
DEFINITION (5.2.7): For any module M over a commutative 
ring R, given a maximal ideal P of R, the P-primary 
component ^/p) is I x€M : xP" = 0 for some n 2 0 } • 
The following example shows that a TAG-ring need 
not be a QTAG-ring. 
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EXAMPLE (5.2.8): Let R be a local ring such that i t s 
Jacobson radical J has the properties, J^ = 0, 
dim(JD/j) = 1 and dimCo/jJ) > 1. Then Rp. is not quasi-
injective, and hence RQ is not a TAG-mdoule. However RQ 
is a QTAG-module. Since by (5.2.1) any uniserial module over 
a QTAG-ring is quasi-infective, we get that R is not a 
QTAG-ring. However i t can be easily seen that over R the 
TAG-raodules are precisely the completely reducible modules. 
So the class of TAG-modules over R is closed under direct 
sums and hence R is a TAG-ring. 
LBMA (5,2.9): Let R be any semi-primary QTAG-ring. 
Then R is a generalized uniserial ring. 
THEOREM (5.2.10): The following are equivalent for a ring R, 
(a) R is generalized uniserial 
(b) R is a left perfect right QTAG-ring 
(c) R is a right perfect right QTAG-ring 
(d) R is a. semi-perfect QTAG-ring with J(R) a TAG-module. 
I t is obvious from (5.2.4) that any Prufer domain is 
a QTAG-ring. Using (5.2.5) i t follows that any noetherian 
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commutative TAG-ring is a ZPI-ring. However the structure 
of non-commutative QTAG-rings, even those satisfying the 
ascending chain condition is not yet known. 
5,3 EXTENSIONS 
In general the class of QTAG-modules over a ring R 
is not closed under extensions. For example the ring R in 
example (5.1.6) as an R-module is an extension of J(R) by 
R/J(R) , both of which are QTAG-modules. However Rr, is not 
a QTAG-module. In general the structure of rings over which 
the class of QTAG-modules is closed under extensions is not 
known. In this section we determine the class of rings having 
this property. 
DEFINITION (5.3.1): [32]. A commutative ring R is called 
a special ring if R is a non-noetherian semi-prime ring 
such that SOC(R) is a maximal ideal. 
In theorem (5.3.10) we show that the class of QTAG-
modules over a commutative ring R is closed under extensions 
if and only if R is a QTAG-ring having no homoraorphic image 
a special ring. We start with some general results. 
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PROPOSITION (5.3.2): Let R be a QTAG-ring and let 
0 > A > B > C > 0 be an exact sequence of R 
modules such that A and C are QTAG-modules. Then the 
following are equivalent; 
(1) B i s a QTAG-module. 
(2) For any f i n i t e l y gene ra t ed submodule K of B, AOK 
i s f i n i t e l y g e n e r a t e d , 
(3) For any c y c l i c submodule xR of B, xR HA i s f i n i t e l y 
g e n e r a t e d . 
(4) For any c y c l i c submodule xR of B, xR + A i s a 
TAG-module. 
PROPOSITION ( 5 . 3 . 3 ) : Le t R be a QTAG-ring and l e t 
0 > A > B > C > 0 be an e x a c t sequence of 
R-modules , where A and C are QTAG-modules, bu t B i s 
no t a QTAG-module. There e x i s t s a c y c l i c e x t e n s i o n yR in 
B of a non-zero submodule A' of A such t h a t yR i s no t 
a QTAG-module. yR/A' i s u n i s e r i a l and A* i s no t f i n i t e l y 
g e n e r a t e d . F u r t h e r t h e r e e x i s t s a c y c l i c e x t e n s i o n zR of 
A' by a u n i s e r i a l module such t h a t A' i s e s s e n t i a l in zR 
and zR i s not a QTAG-module. 
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Henceforth we consider commutative rings, for which 
the concepts of TAG-modules and QTAG-modules are same; so 
are the concepts of TAG-rings and QTAG-rings. 
PROPOSITION (5.3,4): Let R be a commutative TAG-ring and 
let 0 > A > B > C > 0 be an exact sequence of 
R~raodules, where C is any TAG-module and A is a serial 
TAG-module. Then B is a TAG-module, 
COROLLARY (5.3,5): Let R be a commutative TAG-ring and 
let 0 > A > B > C > 0 be an exact sequence of 
R-modules where A and C are TAG-modules, Then any finite 
rank h-divisible submodule of A is a summand of B. 
THEOREM (5.3.6): Let R be a commutative TAG-ring having 
a maximal ideal M which is a TAG-module. Then: 
(1) For any maximal ideal P j^  M the P-primary component 
of M is a summand of R, 
(2) Every primary component of M is uniserial. 
(3) For the prime radical N of R, R/N is a non-Neumann 
ring. 
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REivlARIC (5.3.7): The examples of rings considered in the 
above theorem can be easily constructed. Consider any prime 
number p and any family 
|z/<p^^> li€lj of rings, such that 
Sup I n^  |iGl"l=s n, a positive integer. 
Consider the ring 
S = © I Z/<p"^> 
S is also a Z/<p > - module. So we can form the ring 
R = Z/<pn^ X S 
in which addition is defined component-wise and the multi-
plication is given by 
(Tc,x)(l,y) = (IcT, ky+lx+xy), x,y€S, k, 16Z/<p"> 
R satisfies the hypothesis of theorem (5.3.6). 
THEOREM (5.3.8): Let A be a TAG-module with finitely many 
non-zero primary components, over a commutative TAG-ring R. 
Then any extension of A by a TAG-module is a TAG-module. 
Finally we determine the structure of a commutative 
ring R over which the class of TAG-modules is closed under 
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extensions; such a ring is called a strongly TAG-ring. We 
start with the following lemma which can be easily proved, 
LBWA (5.3.9): Let be a commutative TAG-ring. Then the 
following conditions are equivalent. 
(1) R is a strongly TAG-ring 
(2) Any cyclic extension of a TAG-module over R by a 
TAG-module over R is a TAG-module. 
(3) Any cyclic extension of a TAG-module over R by a 
simple R-module is a TAG-module. 
THEOREM (5.3.10): A commutative ring R is a strongly 
TAG-ring if and only if it is a TAG-ring admitting no special 
ring as a homomorphic image. 
PROOF; Notice that if R is a special ring then R is 
Von-Neumann regular. So R is a TAG-ring. RQ is an 
extension of the TAG-module Soc(R) by the TAG-module 
R/SOC(R), however R^ itself is not a TAG-module. So a 
special ring is not a strongly TAG-ring. Consequently if R 
is a strongly TAG-ring it has no homomorphic image, which is 
a special ring. 
Conversely, let R be a TAG-ring having no homomorphic 
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image a special ring. Let R be not a strongly TAG-ring. 
By (5.3.9) there exists a cyclic module xR having a maximal 
submodule K which is a TAG-module, but xR is not a TAG-
raodule. Let I = ann(x). Then S=R/l is a TAG-ring having 
a maximal ideal M which is TAG-module. Then M is not 
finitely generated and by (5.3.6), for any maximal ideal P 
of S, P^primary component M/p\ of M is uniserial and if 
further P ^ M, ^(p) ^^ ^ summand of R. If N is the 
prime radical of S, then by (5.3.7) S/N is a special ring. 
Obviously S/N is a homomorphic image of R. This is a 
contradiction. Hence the result follows. 
There exist many Prufer domains each of whose non-zero 
element is contained in only finitely many maximal ideals [33]; 
all such Prufer domains are strongly TAG-rings. 
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